Abstract-In this paper, we adopt finite difference time domain (FDTD) method to analyze surface acoustic waves propagating in two-dimensional phononic waveguides. To implement the FDTD program for dealing with surface acoustic waves, the Bloch theorem and absorbing boundary conditions are employed to deal with the periodic boundary condition and reflection from a numerical boundary. A phononic crystal consisting of circular tungsten cylinders which form a square lattice in a silicon matrix is analyzed in this study. The dispersion relation and displacement fields are calculated to identify the band gaps and eigenmodes. The result shows the existence of a total band gap of surface waves and thus an acoustic waveguide is created accordingly. The analysis shows a confined propagation of the surface waves inside the waveguide.
INTRODUCTION
Phononic crystals consisting of periodic elastic materials had been proved having a property of bulk and surface acoustic wave band gaps [1, 2] . Some designs based on the band gaps of phononic crystals were reported, such as elastic wave filters, waveguides, and couplers [3, 4] . The total band gap phenomenon plays an important role to create phononic waveguides, and thus, in the present, most of the phononic waveguide researches are focused on the bulk acoustic waves. Laude et al. [5] had reported a total band gap of surface acoustic wave in a piezoelectric phononic crystal, but the study of surface waves in phononic waveguide is awaited.
To accomplish this work, the FDTD method is developed to analyze the dispersion of acoustic wave in phononic crystals. The Bloch theorem [6] and a perfectly matched layer (PML) [7] absorbing boundary condition are employed to deal with the periodic boundary condition and numerical non-reflection boundary respectively. A tungsten/silicon square lattice phononic crystal is studied and the total band gap of surface acoustic wave is obtained. With the total band gap property, a phononic waveguide for surface waves is designed by arranging adjacent point defects. The result shows that the allowed surface waves can propagate and are confined within the waveguide. This study supports a device to control the mechanical power in a microstructure.
II. FINITE DIFFERENCE TIME DOMAIN METHOD
The FDTD method employed in this study is introduced first. According to the elasticity theory, all the elastic materials are considered in the linear elastic range. Thus, the equation of motion and constitutive law of elastic materials can be expressed as
where ρ is the density of materials, u i the displacement, τ ij the stress, f i body force, C ijkl elastic constant, and ε kl strain.
Equations (1) and (2) describe the property of an infinitesimal element of an anisotropic material. Therefore, these equations are applicable to the inhomogeneous structure of phononic crystals by arranging the density and elastic constant periodically. Further, with staggered grids, the differential equations (1) and (2) are transferred into difference equations based on the Taylor's expansion to develop the threedimensional heterogeneous finite difference formulation. Then these equations are calculated recursively while time increases to study the wave propagation in phononic crystals.
The FDTD is used to solve the dispersion relation of phononic crystals by Tanaka et al. [6] firstly. The Bloch's theorem is introduced to serve the periodic boundary condition of a unit cell of phononic crystals. Instead of adopting the transformed equation of motion and constitutive law to satisfy the Bloch's theorem in reference [6] , we rewrite the periodic boundary conditions (PBC) in terms of displacement u i and stress τ ij as [8] :
where k is a wave vector, a is a lattice translation vector.
0-7803-9383-X/05/$20.00 (c) 2005 IEEEWith the periodic boundary condition (3) and (4), both twodimensional (2D) and three-dimensional (3D) phononic crystal cases can be analyzed by calculating a unit cell. A small disturbance in a random position of the structure is set as the initial condition. Thus all possible wave modes are transported inside the considered phononic crystal, and the displacement is recorded and expanded into Fourier series. Then the eigenfrequencies of a given wave vector k are indicated by selecting the resonance peaks of the spectrum and this allows finding the information about possible types of bulk waves.
However, to solve the surface acoustic wave modes of phononic crystals, extra boundary conditions are necessary to develop surface acoustic waves inside a phononic crystal unit cell. In this study, we set a free surface boundary condition and use the PML absorbing boundary condition to deal with the reflection from the numerical boundary.
Berenger [7] introduced the concept of PML to reduce the electromagnetic wave reflection form boundary, and the PML is also developed to calculate the elastic wave propagation [9, 10] . In this paper, a 3D PML program of orthogonal material is realized to serve the non-reflection boundary condition. A stretch coordinate is used to derive the code of PML region with an attenuation factor and the splitting stress and displacement are adopted to realize the different equation. Then equations (1) and (2) are transformed into PML equations as follows:
In the above equations, Ω i is the attenuation factor in the i direction of stretch coordinate, u i/j and τ ij/m are the splitting displacement and splitting stress which satisfy u i = u i/1 + u i/2 + u i/3 and τ ij= τ ij/1 + τ ij/2 + τ ij/3 . δ ij is the delta function and δ ij =1 when i=j, else δ ij =0.
With this absorbing boundary condition, the reflection is reduced to less than 1% and the PML boundary is used in both the calculations of dispersion relation and transmission.
III. TOTAL BAND GAPS OF TUNGSTEN/SILICON PHONONIC CRYSTALS To investigate the band gap of phononic crystal, the dispersion relation of elastic waves inside phononic crystals is calculated first. In this paper, a phononic crystal consisting of tungsten cylinder embedded in a silicon half space is analyzed to demonstrate the band gap of surface acoustic wave. The phononic crystal is shown as Figure 1 and the tungsten cylinders form a square lattice. The lattice constant a of the phononic crystal is 10 µm and the radius r of tungsten cylinder is 1.67 µm, and thus the filling fraction is equal to 0.087. The density and elastic constant C 11 , C 22 and C 44 of silicon are assumed as 2332 kg/m 3 , 165.7 GPa, 63.9 GPa and 79.56 GPa, respectively, and density and elastic constant C 11 and C 44 of tungsten are 19200 kg/m 3 , 503 GPa and 152 GPa.
In the 2D phononic crystal cases, the surface acoustic wave propagates within the x-y plane perpendicular to the cylinders. However, the surface acoustic wave is indeed a 3D problem in the phononic crystals. We defined a 3D unit cell as shown in Figure 2 (a) to calculate the characteristic mode of surface acoustic waves. The dimension of this unit cell is chosen as 1a×1a of the cross section on x-y plane and the height h is 9a to develop surface acoustic waves. Then a free surface boundary is on surface at z=0, and a 20 layers PML region is under the bottom surface to apply non-reflection boundary. Finally, the PBC is defined on other four surfaces of the unit cell.
To calculate dispersion curves of acoustic waves, the first Brillouin zone of square array phononic crystal is shown in Figure 2(b) . The right-angle isosceles triangle means the smallest non-reducible area of this phononic crystal, and the vertexes of triangle are denoted as Γ, X and M respectively. Similar to the process of calculating of bulk acoustic waves, an initial condition is set and the displacement is recorded and transferred into Fourier series. The eigenmodes are obtained by selecting the resonance peaks on the power spectra. By varying the wave vector k and repeating the calculation, the dispersion curve is obtained and shown as Figure 3 .
In Figure 3 , both the eigenmodes of bulk and surface acoustic waves are presented. The solid circles are obtained by just setting the PBC of a 2D unit cell. This is sufficient to develop the allowed bulk acoustic wave inside the phononic x y z a r Figure 1 . The phononic crystal of circular rods (tungsten) embedded in a background material (silicon) with square lattice. Furthermore, to investigate the acoustic surface wave inside the phononic crystal, the displacement fields of eigenmodes are calculated. The calculating setup is the same as Figure 2 (a) but the frequency of wave source is chosen as eigenfrequencies of the corresponding wave vector. Figure 4 shows the eigenmodes of surface acoustic wave propagating at ΓX direction. The wave vector k is 1π/a and four acoustic wave modes are presented respectively. For instance, the displacement field of fundamental surface wave of 212 MHz is plotted in Figure 4(a) . The cones indicate the direction of displacement and size of cones is proportional to the amplitude. Obviously, the amplitude of displacement decays as the depth increases. Thus, Figure 4 (a) shows a typical surface acoustic wave which presents the lowest mode. Similarly, Figure 4 Figure 4 (c) enlarges as the location is deeper than two lattice constants. This shows a property of pseudo surface waves that acoustic energy leaks into the inner space. In Figure 4 (d), the displacement belongs to transverse polarization. Although the displacement decays along the depth, but the varying trend is much smaller than the cases of Figure 4 (a) and 4(b). To sum up, the analyses of dispersion concludes a total band gap of the tungsten/silicon phononic crystal, and the eigenmodes of surface acoustic waves are demonstrated. These results provide the condition to create a phononic crystal waveguide of surface acoustic waves.
IV. SURFACE ACOUSTIC WAVE INSIDE A PHONONIC
CRYSTAL WAVEGUIDE A phononic crystal waveguide is designed by arranging adjacent point defects in a phononic crystal structure and some examples of bulk acoustic waveguide are shown in previous researches. In this section, a phononic waveguide of surface acoustic is created based on the total band gap of surface waves.
First, the surface acoustic wave propagation inside the phononic crystal is presented. The displacement fields of show that surface wave can pass the 15-lattice phononic crystal structure efficiently. It is noticeable that the pseudo surface acoustic waves of other figures also pass the structure, the amplitude decrease while the wave propagates inside the phononic crystals.
Thus, the surface acoustic waves of the frequency within the total band gap can propagate inside the waveguide, the region without periodic cylinders, but acoustic waves will penetrate into the neighboring area. This provide a criterion that it needs a 10 lattice region to create an isolate phononic crystal waveguide in this phononic crystal. A waveguide for surface acoustic waves is shown in Figure 7 (a). The width w is defined as the distance between two neighboring cylinders on both side and the value is 16.67 µm in this example. Figure  7 (b) shows the displacement field of the 275 MHz surface wave which incidents from the left side of the waveguide structure. The acoustic wave enters and propagates inside the waveguide. The displacement field shows some energy leaks into the periodic structure but doesn't penetrate it. Therefore, it is applicable to design a surface wave waveguide with a 10 lattice separation region. This result gives a potential development in further design of acoustic devices in micro structure.
V. CONCLUSION In this paper, we implement the FDTD method to analyze the surface acoustic wave propagation inside phononic crystals. By calculating the dispersion and transmission, the tungsten/silicon phononic crystals with a low filling fraction provides a total band gap of bulk and surface acoustic waves. A phononic crystal waveguide is created based on the total band gap property and the surface wave can propagate inside the liner structure. We believe that the confined surface wave provides potential application by controlling the mechanic energy in micro structure. 
